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The purpose of this paper is to construct a duality operation for represen-
tations of a reductuve group over a finite field. Its effect, very roughly
speaking, is to interchange irreducible representations of small degree with
ones of large degree (for example, the unit and Steinberg representation.) At
level of characters, this operation has been also considered by Alvis [1],
Curtis [2], and Kawanaka [4].

We shall now fix some notation. G will denote a connected reductive
group defined over a finite field F,, (W, S) its Weyl group, and S the set of
orbits of the Frobenius map on S. The subsets of S parametrize the classes
of parabolic subgroup of G which are defined over F,; let .#; be the class
corresponding to /< S. (Thus %, is the class of Borel subgroups and
Ps={G}.) We denote by G the group of Frational points of G and by .7}
the set of parabolic subgroups in %, wich are defined over F,. Similarly, if
P € .7, we denote by P its group of F -rational points and by Up the group
of F -rational points of its unipotent radical. Let K be an algebraically closed
field of characteristic zero. All G-modules will be over K.

Let £ be a G-module. For each I S_', we define

Eu): @ EUP,

Pe.y

where EV? denotes the set of U,-invariant vectors of E. We regard E, as a
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G-module in a natural way. If IcI’, there is a canonical linear map
o} Ey — Ey,y. It is defined as follows: if e € EV? (P € .9}), e can be also
regarded as an element of EVP, where P’ € .9}, is uniquely defined by the
condition P — P’. (Note that U, o U,, hence EY» — EU#".) The map ¢!, takes
e € EY” to e regarded as an element of EV7. It is clear that if IcI' < 1",
then

Q191 = P (1.1)

Now let £, = E;, ® A"/(K"). (We regard A"(K") as G-module with trivial
action.) If I I’ and |I'| =|I| + 1, we have a natural map ¢}.: 4" (K") ¥
A""(K") given by w- w /\f wheref is the unique element in I’ —I. We
define ¢} .: E(l) - E(I n by ¢ =07 ® .
We now consider the sequence of maps of G-modules.
dy ~

0~ E, b, @ E(,) E 5 »Eg—0, (1.2)

1l=1 11=2

where the maps d have components ¢¢, (I<I', |I'| =|I| + 1). Using (1.1),
we see that (1.2) is a complex.

We have the following:

THEOREM. Assume that E is irreducible. Let i, be the smallest integer >0
such that @, _; E, # 0. Then the sequence

~ dig 41

. d
® E > E >

1 =ig Ml=ig+1

-2 E5-0 (2.1)

is exact.

In particular, the homology of the complex (1.2) is concentrated in a
single degree.

3
We shall prove that the conclusion of Theorem 2 holds in the case where
instead of assuming FE irreducible we shall assume that:

(3.1) E admits a direct sum decomposition E = @PeyloE,, (for some
I, < S) such that



286 DELIGNE AND LUSZTIG

(a) gEp=Ey,, ,(VEEG,PE ),

(b) for each P€ .7, the P-module E, factors through P/U, and is
irreducible, cuspidal as a P/U, module.

This would imply the theorem since any irreducible G-module is a direct
summand of a G-module E as in (3.1).

In this and the following section, we assume that E is as in (3.1).

Given J < S, we define Z, to be the set of G-orbits 6 on .#; X .4} which
have the following property. There exists P€ .7} , Q € 95, (Q,P) € 0 such
that Q contains a Levi subgroup of P.

If Q€.7,, we have

Ug Ug Ug
E”o=(@ E) =( ® E) @( ) E) -
Pesy, Pes, Pey,

QNP Up=P (QNP)UpmP

The second summand is zero (since E, is cuspidal for P/U,, so that
EY?? = (). Thus

Yo
E,= ® E'= @ ( ® E,,) - ® E°, (3.2)
Qe#y Qe 2, Pedy, 6€Z,;
(QNP)Up=P

where

Ug

F-0( ® £)  ©cz)
Qe Pesy,
(QAP)Up=P

Now assume that JcJ' and o€ Z,; we define d)(6)=0 =

{(Q,P)EF. X F|IQE S, Q=Q’, (Q,P)Ec}. Then 6’ € Z,, and we

say that o’ is the face of type J’' of . In this case, we define a linear map

¥Y3:E°—>E® as follows. If e=(e,,) EE", ey, €EE,Y(Q,P)E g, we set
¥2.(e) = (ey. p) € E° where, for any (Q’,P) € o', we have

e o= 3

onp o7, €o.rEEp.

Q=Q’
(Q.P)eo

Let us admit the following

LEMMA 3.3. For any o, ¢’ as above, the map ¥S:E°—~E® is an
isomorphism.

Note also that given J<J' <J” and 6 € Z,, 6’ € Z,, as above we can
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define 6” € Z,., to be the face of type J” of 6 (or of 6¢') and we have

Vo= W
Using (3.2), the complex (1.2) can be rewritten as

05 .--- 50> @ E0®A|J|(K.l)

[J1=11¢}
0EZ;
d @ EU®A|J|(KJ) d . (3.4)
Il =11yl +1

6€Z,;

where the maps d have components ¥2. ® ¢, (J<J', [J'|=|J|+ 1,6 € Z,,
o’ € Z,, the face of type J' of 6). Let p be the unique element in Zz. We
have EP = E. Using Lemma 3.3, we may identify E° with E for any 6 € Z,,
via the isomorphism ¥7 ; the complex (3.4) becomes the tensor product of E
with the complex

0= 50> @ K¥@AY'(K)» @ K¥@AY(K)---- (3.5)

1 =11l 1=l +1

whose differential has components &7, ® &7, (J<J', |J'|=|J|+ 1). This
complex has the following simple interpretation. Let T be an F_-split torus of
maximal possible dimension in the adjoint group G*°. Let Y be the lattice of
one-parameter subgroups of 7. The root hyperplanes in the real vector space
Y ® R give rise to a partition of ¥ ® IR into simplicial cones. These are in a
natural 1-1 correspondence with the parabolic subgroups in G which are
defined over F, and whose image in G*® contain 7. Let us fix P, € J,- It
corresponds to a cone in Y ® R, which spans a linear subspace Lc Y ® R
of codimension |I;|. The cones contained in L are in 1-1 correspondence
with those parabolic subgroups Q — G (defined over F,) which contain a
Levi subgroup of P, and whose image in G** contain T hence they are in
1-1 correspondence with (J,Z,. Thus (J,,5Z, can be regarded as the set of
simplices in a triangulation of a unit sphere with centre O in L; and (3.5) is
the (reduced) chain complex of this triangulation. It follows that its
homology is concentrated in a single degree (corresponding to |J|=1/,|)
where it is =K.

4
It remains to prove Lemma 3.3. We will give the proof in six steps. Parts
of the argument are similar in spirit to arguments in [3].

Step 1. Given o€ Z, and (Q,P)Eo, we consider the parabolic
subgroup R =(QMP) U,< Q. Then R E & € Z;, J=J and ¢ is the face of
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type J of 6. Also R, P have a common Levi subgroup and hence are
associated. We first show that

5 Ug Ug

o (o 5 -0(0 5

ReF; \ Pesy Qe \ Pesy
(R,P) €6 (Q.P)eo

is an isomorphism.

Now the pairs (R, P) such that (R, P) € ¢ are in 1-1 correspondence with
the pairs (Q,P) such that (Q,P)Eo. Hence ¥? is injective. If we fix
Qc.%, there is a natural 1-1 correspondence between the set
{ReE 7, RcQ} and the set of orbits of U, on the set
{P€ .7, ,(Q,P)E g}. Hence the space E” is a direct sum over all pairs
RcQ (RE %, Q€ .%) of pieces of form (Pp Ep)Ye, where P runs through
a fixed U,-orbit. But this piece has the same dimension as E,. (Note that for
P in that U -orbit we have PN U, < U, and U, acts tr1v1ally on E,.) Thus
dim E° = dlmE c#(F J) dlmE - #(F,)=dimE. Similarly, dim E® =
dim E. It follows that (po is an 1somorphlsm

Step 2. Assume that |I,|=|S|— 1. Let & be the class of parabolic
subgroups opposed to .#; , and let o = {(Q, P) € 4, X F;, |, Q opposed to P}.
We will show that ¢: E°~ E®=E is an isomorphism. It is certainly non-
zero. Thus, if E is irreducible, q):is indeed an isomorphism. If E is reducible,
it has exactly two composition factors, and J is necessarily equal to I,. For
each P € 7} , there exists an isomorphism

np: E ( ® Epf)vp

(P', P)Ea

of P/U,modules unique up to a scalar. We may assume that
Nep-y=8Npg ' (YPE .9 ,VgEG). These maps together define an
isomorphism of G-modules n= & 7,:

Up
® E-® (® &)
Pe.F, !
(P',Pec

The composition ¢, - 7 is a semisimple G-endomorphism of E. It clearly has
trace zero (its diagonal blocks are zero). Let A/, A” be its eigenvalues on the
two irreducible pieces E/, E"” of E. Then Adim E’ + udim E” =0. Since
dim E’ # 0, dim E” # 0, A and u are either both zero or both non-zero. They
cannot be both zero since ggn # 0. Hence they are both non-zero. It follows
that ¢7# and hence ¢ are isomorphisms.

Step 3. Assume that |[I,| < |S|— 1. Let J = S be such that |J| = |I | + 1,
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and let T € Z,. There are precisely two elements o' € Z,., ¢” € Z,. such
that J/, J” < J, |J'| = |J"| =|1,|, and such that t is the J-face of ¢’ and the
J-face of 6”. We shall prove that 92" and ¢¢" are isomorphisms. One of these
maps, say ¢°, is of the type considered in Step 1 (o = T); hence it is known
to be an isomorphism. We now turn to ¢¢". Define

@ Eg.

R'es)
where, by definition,

Uy
Ep = ( @ EP) .
Pe .7y,
(R',P)€c’

Then E’ is a G-module in a natural way. It satisfies a property similar to
property (3.1) for E. Let a be the set of pairs (R”, R') € %, X S, such that
R”, R’ are both contained in the same Q < .4, and are opposed in Q. We
define E'® and Y™ E'*> E’ in the same way as E® and (p‘:,': E” > E. We
have a natural commutative diagram

E'® ‘P"l E’ (= Eo')

bk
E'-2, E°

(Note that, given (R”,P)E¢” there is a unique R’€ .7, such that
R",R')Ea, (R',P)Ea’; conversely, if (R”,R’)Eq, (R’ P)co’ then
(R”,P)E ¢”. This gives rise to the isomorphism E’'®X E°".) Now ¢? is
known to be an isomorphism; moreover, by Step 2, ¥*is an isomorphism. It
follows that ¢°” is an isomorphism.

Step 4. Let 6 € Z,, |J| =]I,|. (Thus o corresponds to an open cone in
L)) We show that ¢9: E°— E is an isomorphism. We can find a sequence
oc=¢',0%.,06"=p of elements corresponding to open cones in L such that
(when regarded as cones in L) two consecutive ones have a common face of
codimension 1; moreover, we take n as small as possible. Let t be the
element corresponding to the common face of codimension 1 of 6 =¢' and
a’. By induction on #n, we may assume that @' is an isomorphism. From
Step 3, we know that ¢ and ¢ are isomorphisms. From (p;2=(pp(p,, it
follows that ¢ is an isomorphism. From ¢g= ¢ 7 it follows that ¢ is an
isomorphism.

Step 5. Let Jc § and 6 € Z,. We to show that @5 is an isomorphism.
We can find J< J and & € Zj such that |J| =|1,|, such that o is the face of
type J of &, and such that ¢¢ is of the type considered in Step 1 (hence an
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isomorphism). We have ¢;¢g= go:. By Step 4, (af: is an isomorphism. It
follows that @y is an isomorphism.

Step 6. Let JcJ' and 6 € Z,; let 6’ € Z,, be the face of type J' of o.
We want to show that ¢J, is an isomorphism. We have (o;'gog,z(p:. By

Step 5, ¢; and (o;' are isomorphisms. It follows that @3, is an isomorphism.
This completes the proof of the Lemma 3.3 and hence that of the theorem.

We have

COROLLARY (see Alvis [1]). In the setting of the theorem, let E* denote
the kernel of d; in (2.1). Then
(a) E*is an irreducible G-module,
(b) (E™Y* is isomorphic to E as a G-module,
© (DE*=Y,s(-1)" Eg
in the Grothendieck group of virtual G-modules.

Statement (c) is obvious.

Let E’ be a G-module of the type considered in (3.1) which has a direct
sum decomposition E' =E, @ --- @ E, with E; irreducible G-modules and
E, ~ E. The proof of Theorem 2 shows that (E')* can be defined in the same
way as E%, and that it has the following properties:

E*~E*® .- @ E?, E*x~E'. (5.1)
For each 1 < i, j < n, we have from (c)

(E,, Efy=(ELE)= Y (=1)""*io(EPn, Efr), (5.2)

IcS

(where P, € .9}). It follows that

(EL.E')=3 (El,E;)=> (E, Ef)=(E,E'"*)=(E, E')

and, in particular, E¥+# 0. If E¥ is not irreducible for some i, then
E¥® --- ® E% would have more irreducible components than £, ® --- @ E,,,
contradicting (5.1). Thus, E¥ is irreducible for each i. Hence, there exists a
permutation © of {1, 2,...,n} such that Ef=FE,, for all i. From (5.2), we
have

(B Ety= (ET) E\) = EL, EY) = E ), Eny) = 1.

It follows that E_,;, is isomorphic to E,. The corollary is proved.
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